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In this paper we can solve a Wheeler-DeWitt equation of the some inhomogeneous spacetime 
models as a local solution. From the previous study of up-to-down method we derived the static 
restriction relating the problem of the time. Although static restriction does not commute with 
the general Hamiltonian constraint, the Hamiltonian constraint of some mini-superspace models 
commute with static restriction. We can quantize such inhomogeneous models. With obtained 
result we can success to simplify the general local Hamiltonian constraint. 
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I. INTRODUCTION 

The one of the main issue of the quantum gravity 
[H is the quantization of the inhomogeneous spacetime. 
There are other problems such as problem of the norms 
and problem of the time. The mini-super approach or 
loop approach 2] 3] [4] can be quantize only homogeneous 
spacetime. Although the loop quantum gravity treats 
quantization of inhomogeneous spacetime, the Hamilto- 
nian constraint of the inhomogeneous spacetime still not 
solved. 

In the quantization of the spacetime, whether we use 
a general metrics or static metrics does not simply the 
Hamiltonian constraint. However, the study of Wheeler- 
DeWitt equation i.e. up-to-down method become 
clear that if we treat static mini-superspace there appears 
a additional constraint that we call static restriction. Al- 
though in the previous paper we derived incorrect solu- 
tion of the Wheeler-DeWitt ^he previous work is relating 
to the problem of the time 7 1 . So our work is relating to 
the problem of the time Q 1 1 ■ 

Usually static restriction and the Hamiltonian con- 
straint does not commute. However, the Hamiltonian 
constraint of some inhomogeneous model commutes with 
static restriction because the static metric create a time 
evolution even if the metric does not depend on time. 
We treat the inhomogeneous model of the metric diago- 
nal space and qu has the support of Xj,Xk for j,k =/= i. 
Or we can say we treat inhomogeneous model of diago- 
nal metric model and the model that qu does not depend 
on Then we can easily quantize some inhomogeneous 
mini-superspace models. In this paper we show two type 
of solution of the Hamiltonian constraint with static re- 
striction. We treat these problems in the basis of LQG 
or metric diagonal models. 

Note that we do not use the term LQG as Haag's text- 
book [9( or a loop quantum gravity. We use this term as 
the local solution of the Wheeler-DeWitt equation. And 
we comment on the term inhomogeneous mini-superspace 



model. From now on mini-superspace model is used to 
only the homogeneous case, however, we enlarge this 
term to the inhomogeneous case. We use this term as 
quantization of the Gowdy model [l(| • 

In this paper we first introduce what is LQG in this 
paper. Although there appears boundary condition prob- 
lem, we ignore it in this paper. In the next step we intro- 
duce static restriction with up-to-down method. And in 
the next step we quantize locally inhomogeneous space- 
time. 

In section|TT]we explain what is the local quantum grav- 
ity in this paper. In section IIIII we treat the problem 
of the time and derive static restriction. In section IIVI 
we solve some static inhomogeneous spacetime and then 
we can simplify the usual local Hamiltonian constraint. 
There are two inhomogeneous models which can be quan- 
tized by the up-to-down method. And in section [V] we 
summarize our result and we note further motivation. 



II. LOCAL SOLUTION OF THE QUANTUM 
GRAVITY 



What we call local quantum gravity is simple quantiza- 
tion of the spacelike metric diagonal model with bound- 
ary condition. Note that the timelike metric is not di- 
agonal because of diffcomorphism constraints. We use a 
fact that the spacelike metric become diagonal at the hy- 
perspace £ by the local coordinate transformation. The 
hyperspace can be decomposed such that the spacelike 
metric become diagonal. Although the local solution is 
not complete yet, we only treat a spacelike metric diag- 
onal mini-superspace, the reader can skip this section. 
The Hamiltonian constraint of the metric diagonal space 
is 
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And the diffeomorphism constrain is 

d t S 
dxi \6qu 



i)e* = 0. 



(1) 



(2) 
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Although the off-diagonal components does not enter in 
this formulation, the off-diagonal components are con- 
tained in local coordinate. The different point of usual 
formulation is appearance of the boundary condition. So 
in this formulation we should solve Hamiltonian con- 
straint with boundary condition as 

1 S 2 

2 5H}I~ + + &.<&.<) e ** + bound = °- ( 3 ) 

Here, bound means boundary condition term. However, 
we ignore this term in this paper for simplicity. 

If we solve this Hamiltonian constraint we recover off- 
diagonal component in the local coordinate. However, 
the consistency of this method is further work. We should 
check the consistency between two state one is the state 
that at first time we solve spacetime grovel with off- 
diagonal metric components and look the state in local 
coordinate with only diagonal components of the metric 
and the state at first time we solve locally as in this pa- 
per. However, we can not check this point because the 
usual Hamiltonian constraint still not solved. 



III. STATIC RESTRICTION 

In this section we explain what is static restriction. 
In the subsection IIII Al we explain the procedure and in 
section IIII Bl we explain the static restriction. 

A. Up-to-down method 

In this section we rewrite what is up-to-down method, 
and some sentence is same to previous paper. 

We start by introducing the additional dimension 
which is an external euclidean time with positive sig- 
nature, and thus create an artificial enlarged functional 
space corresponding to this external time. We write such 
external dimension as s. The action may be written as 

S= f {5) RdMds. (4) 

J MX a 

Where ( 5 'R is the 5-dimensional Ricci scalar, built from 
the usual 4-dimensional metric and external time com- 
ponents. Rewriting the action by a 4+1 slicing of the 
5-dimensional spacetime with lapse functionals given by 
the s direction, we obtain the 4+1 Hamiltonian con- 
straint and the diffeomorphism constraints as, 

H S = R-K 2 + K ab K ab (5) 
H^ = \7 b (K ab -kg ah ), (6) 

where a hat means 4-dimensional, e.g. the K ab is 
extrinsic curvature defined by V Q Sb and K is its trace, 
while R is the 4-dimensional Ricci scalar, and V a is the 
4-dimensional covariant derivative. 



Definition. The artificial enlarged functional space is 
defined by H s \^ 5 {g)) = H^ 5 (g)) = 0, where g is the 
4-dimensional spacetime metrics g^ v with (/z = 0, • • • ,3). 
We write this functional space as H5. 

Here, the definition of the canonical momentum P is 
different from the usual one. Note in fact that the above 
state in is not the usual 5-dimensional quantum grav- 
ity state, because the 4+1 slicing is along the s direction. 
This is why we call this Hilbert space as artificial func- 
tional space. It is not defined by dC/{ddg/dt) but by 
dC/(ddg/ds), where C is the 5-dimensional Lagrangian. 

In addition, we impose that 4-dimensional quantum 
gravity must be recovered from the above 5-dimensional 
action. The 3+1 Hamiltonian constraint and diffeomor- 
phism constraint are, 

H s = Tl + K 2 - K ab K ab (7) 
H$ = D b (K ab - Kq ab ). (8) 

Here K ab is the usual extrinsic curvature defined by D a t b 
and K is its trace, while 1Z is the 3-dimensional Ricci 
scalar, and D a is the 3-dimensional covariant derivative. 
Then we can define a subset of the auxiliary Hilbert 
space on which the wave functional satisfies the usual 
4-dimensional constraints. In order to relate the 4 and 5 
dimensional spaces we should define projections. 

Definition. The subset of 7is in which the five di- 
mensional quantum state satisfies the extra constraints 
H s P\V 5 (g)) = H^P\^{g)) = is called H 5llm , where 
P is the projection defined by 

P:H 5 ^L 2 {P\^ 5 (g)) = |* 5 (<? 0m = const))}, (9) 

where L 2 is a functional space. And TI4 is the usual four 
dimensional state with the restriction that ifs|'I' 4 (g)) = 
Hy\^> 4 (q)} = 0. Here q stands for the 3-dimensional 
metric gy (i = 1, • • • , 3), and P^ is defined by 

P u .H 5Um ^H4. (10) 



The enlargement is carried by the multiplying the ar- 
bitrary functional g^, Xi ] for usual quantum gravity 
state of 4-dimensional. Otherwise the measure of the pro- 
jection is zero. This enlargement solves the measurement 
problem of the projection. 

From now on we consider the recovery of the 4- 
dimensional vacuum quantum gravity from the 5- 
dimensional wave functional. Wc assume that the con- 
straint, 

R\^(g)) = (11) 

holes. Here R is the operator, corresponding to the 4- 
dimensional Ricci scalar as a Dirac operator. Then the 
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modified Hamiltonian constraint for the 5-dimensional 
quantum state which contains the 4-dimcnsional Einstein 
gravity becomes, 



- mH s := -K l + K ab K ab + g y P« 



(12) 



where mH is called modified Hamiltonian constraint sim- 
plified by using 3+1 constraint equations. There is the 
theoretical branch in using the Dirac constraint or Hamil- 
tonian and diffeomorphism constraint. To use the Dirac 
constraint at this point create the additional constraint 
which restrict the state to the static. 

Finally, the simplified Hamiltonian constraint in terms 
of the canonical representation becomes 

mH s = (-9ab9cd + 9ac9bd)P ab P cd - '/„/""' . (13) 

The magic constant factor —1 for the term g a b9cd is a con- 
sequence of the choice of dimensions for H.§, H4. Here P ab 
is the canonical momentum of the 4-dimensional metric 
g ab , that is P ab = K ab - g ab K. And as we mentioned 
above, this canonical momentum is defined by the exter- 
nal time and not by the usual time. We does not write 
Qij by the commutation relation of the Hamiltonian con- 
straint and canonical momentum at this step. 

We now give a more detailed definition of the artificial 
functional space as follows: 

Definition. The subset H 5 ^ C H5 is defined by 

the constraints, R\^f 5 (g)) = 0, and we write its elements 
as l^ 4 ) (<?)}. We also define a projection P* as 

P* ■ W 5 ( 4 ) — > W 4 ( 5 ) 

{P*|* B W( 5 )) = |* 8 < 4 >( 5o „ = const)) =: \^(q))}(U) 
where 7i 4 ( 5 ) is a subset of H4. 

We notice the projection P and P* is almost all 
same. However, we use the different symbol because the 
projected functional space is different. 

Theorem. In this method, in H4 additional constraint 
mHsP* = appears. 



B. Static restriction 

The theorem of the end of section II is the main result 
of static restriction. If we write this additional constraint 
in terms of operators, we obtain 



{qijqkl - QikQjl) 



_6 6_ 

5qij 5q k i 







(15) 



This is the static restriction. The static restriction is not 
consistent with the usual Hamiltonian constraint. How- 
ever, there is reason why static restriction and Hamil- 
tonian constraint does not commute. The reason may 
be trivial because all the space which is quantized is not 



static state. If the all the spacetime can be quantized 
simultaneously, the evolution of the spacetime vanishes 
and it reduces contradiction. The static state is very spe- 
cial state of the quantum state. Although consistency is 
broken, we treat 4-dimcnsional gravity not higher dimen- 
sional gravity. We can find the consistent space whose 
Hamiltonian and static restriction does commute. 

The broken of the consistency comes from at the point 
that we use Dirac constraint. Whether we use Dirac 
constraint or Hamiltonian and diffeomorphism constraint 
is different. If we treat quantization of static metric 
space, the corresponding quantum state has time evo- 
lution. This is the different point of classical gravity and 
quantum gravity. 

In the local quantum gravity, the static restriction be- 
comes as, 



i±3 



idpj 



= 0. 



(16) 



At this point we treat metric diagonal mini-superspace. 
We use static restriction in the framework of mini- 
superspace model. So we can ignore the P y for i ^ j 
components at this point. We use above restriction as a 
ansatz. 

The broken of the consistency also comes from the 
point that we treat metric diagonal mini-superspace 
model. 



IV. QUANTIZATION OF THE STATIC 
INHOMOGENEOUS SPACETIME 

We treat a mini-superspace such that, 

'qii{x 2 ,x 3 ) \ 

(lab = I q 2 2(xi,x 3 ) . (17) 

q$s{x\,X2)) 

Then the Hamiltonian constraint corresponding to this 
mini-superspace is, 



£ 



(18) 



In this case the Hamiltonian and static restriction does 
commute and we treat usual 4-dimensional quantum 
gravity. The corresponding space of the above metric to 
the classical space may not exist. However, to solve this 
Hamiltonian constraint, we can simplify usual Hamilto- 
nian constraint. And in the next example we can find a 
classical corresponding space. 

This Hamiltonian constraint commute with static re- 
striction because the the Hamiltonian constraint does not 
contain cross terms of <f>i and <pj in the non-linear terms 
and we assume static restriction is satisfied on the state. 
However, in this inhomogeneous model, the Hamiltonian 
and static restriction commute. We should comment on 
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the fact that the diagonal metric space has usually dy- 
namics or time evolution. Because if qu has support on 
Xi, the cross terms appear in the Hamiltonian constraint. 
And we can carry on simultaneous quantization. Usually 
the state should be a functional of q^ and q^ has the 
support of the t, x\, X2, X3. In this paper we fix a time 
constant gauge and we assume qu does not depend on Xi . 

At first we comment on the previous work. In the 
our previous work, we derived one ordinary differential 
constraint equation with non-linear term. That is the 
Hamiltonian constraint of the mini-superspace of ^ = 
0, <pj — const, 4>k = const, 



5a 



— 2 + 4<9 J <9j lnai = for some i 



. ^ 1/2 
Here, ai = and hat means operator. The above 

equation is created from the Eq.(3) with simplification 

by static restriction 



(19) 



i6<t>j 



0. 



(20) 



where, gu — e'K The static restriction to the state is 
ansatz and it commute with Hamiltonian constraint of 
above mini-superspace Hamiltonian constraint. We can 
solve this equation easily if we ignored the operator or- 
dering. And the solution is, 

cos(2 J \d J dj\n ai ) 1/2 ''8a,) for i^j. (21) 

If we acted it momentum constraint to the above solution, 
we obtain 

^2<t>i,jj = Ci(xj,x k ) 2 for j,k^i, (22) 

Because we use the static restriction as ansatz of state 
momentum constraint also commute with static restric- 
tion. Then the state is, 

\^ 4 {q)) =cos{2 J Ci { Xj , x k )5 ai ) for j,k^i. (23) 

The important point is the Eq.(22) not the solution. The 
cosine wave comes from approximation. We use this sim- 
ple example in later. 

We can explain the reason why we insert the opera- 
tor ordering term as previous paper. There is point like 
quantization which starts with the action decomposition 
as, 

s = J RdM -> J dtY.HgfM^- ( 24 ) 

x (i) 

Here we use assumption of spacetime is separated so the 
integration become summation. Then the equation cor- 
responding Eq.(3) becomes as, 



ti- 
de* 



And we can ignore the differential term of Xj . This solu- 
tion is 



cos(2cj(Zj). 



(26) 



Although we ignore the deferential term of x% such as 
d->dj Indi, we do not ignore the deferential term of Oj. So 
the solution is cosine wave. If we take a point like limit 
of Eq.(7), we obtain the same result without constant 
factor. So we choose a operator ordering term to that 
the both limit become same. 

In the next step we enlarge this mini-superspace for 
the <j>i i — case. Then the Hamiltonian constraint of 
the mini-superspace of (20) is simplified by using static 
restriction and becomes as, 



£ 



+£< 



= 0. 



(27) 



This Hamiltonian constraint commute with static restric- 
tion if we assume that the state satisfy static restriction. 
Then we can create parameter separated solution as 



l* 4 (<7)> - %ll]%22]%33] 



(28) 



+ Ad^djlndi = for some i. 



(25) 



where h is the functional. This parameter decomposition 
is also assumption. We discus the viability of this as- 
sumption. If we act it to the Hamiltonian constraint of 
mini-superspace (20) we can obtain ordinary differential 
equation which is Eq.(22). So this assumption is valid if 
we only consider the Hamiltonian constraint. Although 
the Hamiltonian constraint contains second order deriva- 
tive, the cross term does not appear because of static 
restriction assumption. Because of the parameter sepa- 
ration we fix a gauge. However, what gauge we fix is fur- 
ther work. The measure of state may be empty because 
of this gauge fixing. Our method to quantize this mini- 
superspace model has following three steps. First we 
solve the Hamiltonian constraint and next time we solve 
diffcomorphism constraint and finally we use a static re- 
striction. However, if we change a step to that in the 
second time we use a static restriction and finally we use 
diffcomorphism constraint, the obtained result is same. 
Because, we use this parameter separated assumption, 
the solution is not the general solution but the special 
solution. And the solution of the Hamiltonian constraint 
is 

cos(2^ f(d j d j ]na i ) 1 / 2 6a i ) for i^j. (29) 
i J 

Then diffcomorphism constraint is three set of 

^2<Pi,jj = Ci(xj,x k f for j,k^i. (30) 

Then the state becomes as, 
\-$ 4 (q)) = cos(2J2 [ Ci(xj, x k )5 ai ) for j,k^i.(31) 
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Because of the static restriction we can derive, 

-c 2 {xx,x 3 )c 3 {xi,x 2 ) 



Cl(X2,X 3 ) 



C 2 {x\,X 3 ) +C 3 (xi,X 2 )' 



(32) 



If the above equation is consistent c 2 is only the function 
of x 3 and c 3 is only the function of x 2 ■ Then we obtain 
relation of 



ci(x 2l x 3 ) 



-c 2 (x 3 )c 3 (x 2 ) 

c 2 {x 3 ) + c 3 (x 2 y 



(33) 



With these function of a, we can rewrite the state func- 
tional as 

cos(2 J c 1 (x 2 ,x 3 )Sa 1 + J c 2 (x 3 )Sa 2 + j c 3 {x 2 )8a 3 \M) 

There are three permutation of in the selection of Cj and 
there are 2 3 selection of signature, so there are 24 basis. 
We can easily enlarge this state with time evolution as, 



ci(x 2 ,x 3 ) -> c 1 (t,x 2 ,x 3 ) 
c 2 (x 3 ) — > c 2 (t,x 3 ) 
c 3 {x 2 ) -> c 3 (t,x 2 ). 



The time dependence of the state is not so clear. How- 
ever, we use this simple enlargement because we seem 
static restriction as only the assumption. First of all we 
start with metric as 



fqu(t,x 2 ,x 3 ) 

'/„/, = | q 22 (t 7 x l7 x 3 ) | (36) 

qzz{t,xi,x 2 ).. 



Because the formulation is same, we obtain the state as 

cos(2 J ci(t,x 2 ,x 3 )5ai + J c 2 (t,x 3 )Sa 2 

+ J c 3 (t,x 2 )Sa 3 ) (37) 



(35) The superposition is also solution as, 



|* 4 (<Z)) =cos(2 J c[ 1) (t,x 2 ,x 3 )Sa 1 + 2 J c { 2 1] (t, x 3 )8a 2 + 2 J c { 3 \t,x 2 )5a 3 ) 
+ cos(2 J c ( i ) (t,x 3 )5a 1 +2 J c ( 2 \t, x x , x 3 )8a 2 + 2 J c { 3 ] \t,x 1 )5a 3 ) 
+ cos(2 J c ( i\t,x 2 )5a 1 +2 J c i 2 3) (t,x 1 )Sa 2 + 2 J c { 3 \t,x u x 2 )5a 3 ) 



(38) 
(39) 



The above state represents the inhomogeneous mini- 
superspace model with fcj =0 for i = 1, 2, 3. 

We should discuss classical correspondence. The aver- 
aged value of qa at each point is given by the integration 

as 

J qu cos(2ci(i, x 2 , x 3 )a x + 2c 2 {t, x 3 )a 2 

+2c 3 (t,x 2 )a 3 ) JJdg«. (40) 



Then we know qu is function of cf(xj,Xk). So this 
state has classical correspondence to the mini-superspace 
Eq.(36). This spacetime has a classical correspondence if 
we assume qu is only depend on t. Then it is correspond- 
ing Fricdmann universe. If we treat a Friedman uni- 
verse mini-superspace model without cosmological con- 
stant, there is no such cosine wave. Or we treat Bianchi 
I spacetime without cosmological constant. The corre- 



sponding state is 



cos(2^ J Ci(t)5ai). 



(41) 



So we can find a cosine wave in the flat without cosmo- 
logical constant. 

If we write the above state |^(E.S.S))(E.S.S means en- 
larged static solution), we can simplify the general Hamil- 
tonian constraint of the LQG. If furthermore we enlarged 
this state as, 

|*(E.S.S)) - f[<h,<h, 03]|*(E.S.S)>, (42) 

then the Hamiltonian constraint become simple. Or if we 
enlarge diffeomorphism constraint as, 

^ <f>i,jj = Ci(t,xi,x 2 ,x 3 ), 

then the Hamiltonian constraint become simple as 
_S 2 

2, 



(43) 
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where I is the loop of Xj , Xk ■ Then above replaced Hamil- 
tonian constraint is solved. And this Hamiltonian con- 
straint commute with static restriction. However, the 
enlargement of the diffcomorphism constraint is further 
work. 



V. CONCLUSION AND DISCUSSIONS 

We can success to solve some inhomogeneous spacetime 
that is (j>i t i = mini-superspace. The functional form 
i.e. cosine wave is not so important but the ordinary 
differential equation is important. The state seems to 
contain coordinate directly, however by the functional 
integration these coordinate does not appear in the state. 
So the amplitude of the state is independent by each 
point t, Xi. The state should be a functional of only gn. 

In the local quantum gravity there remain the problem 
of the boundary condition. Because of simplification of 
the Wheeler-DcWitt equation, we only use a diagonal 
metric components. However, it produces other difficulty 
that is the boundary condition problem. 



We should comment on the static state more strictly. 
First we quantize a inhomogeneous spacetime with static 
metric and next time we enlarge this state with the sup- 
port of dynamical metric. However, the enlarged state is 
also static state, otherwise the time appears in the state. 
So we can say the static diagonal metric space quantize to 
the state with time evolution. And some dynamical met- 
ric space quantize to static state. The dynamics of the 
metric as support and dynamics of the state is different. 

We comment on the diffeomorphism constraint equa- 
tion. Because the Hamiltonian constraint is second or- 
der derivative, first order derivative or diffeomorphism 
constraint may be integration by qa. Then the diffeo- 
morphism constraint equation become Stokes integration 
and additional diffeomorphism equation does not appear. 
However, in this paper we use an approximation we can 
obtain the diffeomorphism equation. 

Our next work is to solve the Eq.(44) and the discus- 
sion of the enlargement of diffeomorphism constraint. Or 
we can consider the cosmological constant and then we 
can consider the C.M.B. We think the obtained cosine 
wave is one of the fluctuations of the C.M.B. 
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